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FUNDAMENTAL SOLUTION FOR SUPER-CRITICAL NON-SYMMETRIC
LE´VY-TYPE OPERATORS
KAROL SZCZYPKOWSKI
Abstract. We construct the fundamental solution (the heat kernel) pκ to the equation ∂t =
Lκ, where under certain assumptions the operator Lκ takes the form,
Lκf(x) :=
∫
Rd
(f(x+ z)− f(x)− 1|z|<1 〈z,∇f(x)〉)κ(x, z)J(z) dz .
We concentrate on the case when the order of the operator is positive and smaller or equal 1
(but without excluding higher orders up to 2). Our approach rests on imposing conditions on
the expression ∫
r6|z|<1
zκ(x, z)J(z)dz.
The result is new even for 1-stable Le´vy measure J(z) = |z|−d−1.
AMS 2010 Mathematics Subject Classification: Primary 60J35, 47G20; Secondary
60J75, 47D03.
Keywords and phrases: heat kernel estimates, Le´vy-type operator, non-symmetric opera-
tor, non-local operator, non-symmetric Markov process, Feller semigroup, Levi’s parametrix
method.
1. Introduction
The goal of this paper is to improve and widely extend the results of [35] (see also [13]). The
research may be deemed as a sequel to [26], where among other things the sub-critical case of
[35] was covered (see also [38]). The present paper is by no means included in a general setting
of [38]. Let d ∈ N and ν : [0,∞)→ [0,∞] be a non-increasing function satisfying∫
Rd
(1 ∧ |x|2)ν(|x|)dx <∞ .
We consider J : Rd → [0,∞] such that for some γ0 ∈ [1,∞) and all x ∈ Rd,
γ−10 ν(|x|) 6 J(x) 6 γ0ν(|x|) . (1)
Further, suppose that κ(x, z) is a Borel function on Rd × Rd such that
0 < κ0 6 κ(x, z) 6 κ1 , (2)
and for some β ∈ (0, 1),
|κ(x, z)− κ(y, z)| 6 κ2|x− y|β . (3)
For r > 0 we define
h(r) :=
∫ ∞
0
(
1 ∧ |x|
2
r2
)
ν(|x|)dx , K(r) := r−2
∫
|x|<r
|x|2ν(|x|)dx .
The above functions play a prominent role in the paper. Our main assumption is the weak
scaling condition at the origin: there exist αh ∈ (0, 2] and Ch ∈ [1,∞) such that
h(r) 6 Ch λ
αh h(λr) , λ 6 1, r 6 1 . (4)
In a similar fashion we consider the existence of βh ∈ (0, 2] and ch ∈ (0, 1] such that
h(r) > ch λ
βh h(λr) , λ 6 1, r 6 1 . (5)
1
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Furthermore, suppose there are (finite) constants κ3, κ4 > 0 such that
sup
x∈Rd
∣∣∣∣∫
r6|z|<1
z κ(x, z)J(z)dz
∣∣∣∣ 6 κ3rh(r) , r ∈ (0, 1], (6)∣∣∣∣∫
r6|z|<1
z
[
κ(x, z)− κ(y, z)]J(z)dz∣∣∣∣ 6 κ4|x− y|βrh(r) , r ∈ (0, 1]. (7)
Definition 1. We consider two sets of assumptions.
(Q1) (1)–(4) hold, αh = 1; (6) and (7) hold;
(Q2) (1)–(5) hold, 0 < αh 6 βh < 1 and 1− αh < β ∧ αh; (6) and (7) hold.
Finally, the operator we discuss is of the form
Lκf(x) :=
∫
Rd
(f(x+ z)− f(x)− 1|z|<1 〈z,∇f(x)〉)κ(x, z)J(z) dz . (8)
To be more specific we apply the above operator (in a strong or weak sense) only when it is
well defined according to the following definition. We denote by Lκ,εf the expression (8) with
J(z) replaced by J(z)1|z|>ε, ε ∈ [0, 1]. Let f : Rd → R be a Borel measurable function.
Strong operator:
The operator Lκf is well defined if the corresponding integral converges absolutely and
the gradient ∇f(x) exists for every x ∈ Rd.
Weak operator:
The operator Lκ,0+f is well defined if the limit exists for every x ∈ Rd,
Lκ,0+f(x) := lim
ε→0+
Lκ,εf(x) ,
where for ε ∈ (0, 1] the (strong) operators Lκ,εf are well defined.
The operator Lκ,0+ is an extension of Lκ,0 = Lκ, meaning that if Lκf is well defined, then is
so Lκ,0+f and Lκ,0+f = Lκf . Therefore, it is desired to prove the existence of a solution to the
equation ∂t = Lκ and the uniqueness of a solution to ∂t = Lκ,0+.
Here are our main results.
Theorem 1.1. Assume (Q1) or (Q2). Let T > 0. There is a unique function pκ(t, x, y) on
(0, T ]× Rd × Rd such that
(i) For all t ∈ (0, T ], x, y ∈ Rd, x 6= y,
∂tp
κ(t, x, y) = Lκ,0+x pκ(t, x, y) . (9)
(ii) The function pκ(t, x, y) is jointly continuous on (0, T ]×Rd×Rd and for any f ∈ C∞c (Rd),
lim
t→0+
sup
x∈Rd
∣∣∣∣∫
Rd
pκ(t, x, y)f(y) dy − f(x)
∣∣∣∣ = 0 . (10)
(iii) For every t0 ∈ (0, T ) there are c > 0 and f0 ∈ L1(Rd) such that for all t ∈ (t0, T ],
x, y ∈ Rd,
|pκ(t, x, y)| ≤ cf0(x− y) , (11)
and
|Lκ,εx pκ(t, x, y)| 6 c , ε ∈ (0, 1] . (12)
(iv) For every t ∈ (0, T ] there is c > 0 such that for all x, y ∈ Rd,
|∇xpκ(t, x, y)| 6 c . (13)
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In the next theorem we collect more qualitative properties of pκ(t, x, y). To this end, for
t > 0 and x ∈ Rd we define the bound function,
Υt(x) :=
(
[h−1(1/t)]−d ∧ tK(|x|)|x|d
)
. (14)
Theorem 1.2. Assume (Q1) or (Q2). The following hold true.
(1) (Non-negativity) The function pκ(t, x, y) is non-negative on (0,∞)× Rd × Rd.
(2) (Conservativeness) For all t > 0, x ∈ Rd,∫
Rd
pκ(t, x, y)dy = 1 .
(3) (Chapman-Kolmogorov equation) For all s, t > 0, x, y ∈ Rd,∫
Rd
pκ(t, x, z)pκ(s, z, y) dz = pκ(t+ s, x, y) .
(4) (Upper estimate) For every T > 0 there is c > 0 such that for all t ∈ (0, T ], x, y ∈ Rd,
pκ(t, x, y) 6 cΥt(y − x) .
(5) (Fractional derivative) For every T > 0 there is c > 0 such that for all t ∈ (0, T ],
x, y ∈ Rd,
|Lκxpκ(t, x, y)| 6 ct−1Υt(y − x) .
(6) (Gradient) For every T > 0 there is c > 0 such that for all t ∈ (0, T ], x, y ∈ Rd,
|∇xpκ(t, x, y)| 6 c
[
h−1(1/t)
]−1
Υt(y − x) .
(7) (Continuity) The function Lκxpκ(t, x, y) is jointly continuous on (0,∞)× Rd × Rd.
(8) (Strong operator) For all t > 0, x, y ∈ Rd,
∂tp
κ(t, x, y) = Lκx pκ(t, x, y) .
(9) (Ho¨lder continuity) For all T > 0, γ ∈ [0, 1] ∩ [0, αh), there is c > 0 such that for all
t ∈ (0, T ] and x, x′, y ∈ Rd,
|pκ(t, x, y)− pκ(t, x′, y)| 6 c(|x− x′|γ ∧ 1) [h−1(1/t)]−γ (Υt(y − x) + Υt(y − x′)).
(10) (Ho¨lder continuity) For all T > 0, γ ∈ [0, β) ∩ [0, αh), there is c > 0 such that for all
t ∈ (0, T ] and x, y, y′ ∈ Rd,
|pκ(t, x, y)− pκ(t, x, y′)| 6 c(|y − y′|γ ∧ 1) [h−1(1/t)]−γ (Υt(y − x) + Υt(y − x′)).
The constants in (4) – (6) may be chosen to depend only on d, γ0, κ0, κ1, κ2, κ3, κ4, β, αh, Ch, h, T .
The same holds for (9) and (10) but with additional dependence on γ.
For t > 0 we define
P κt f(x) =
∫
Rd
pκ(t, x, y)f(y) dy , x ∈ Rd , (15)
whenever the integral exists in the Lebesgue sense. We also put P κ0 = Id the identity operator.
Theorem 1.3. Assume (Q1) or (Q2). The following hold true.
(1) (P κt )t>0 is an analytic strongly continuous positive contraction semigroup on (C0(R
d), ‖ · ‖∞).
(2) (P κt )t>0 is an analytic strongly continuous semigroup on every (L
p(Rd), ‖·‖p), p ∈ [1,∞).
(3) Let (Aκ, D(Aκ)) be the generator of (P κt )t>0 on (C0(Rd), ‖ · ‖∞).
Then
(a) C20(R
d) ⊆ D(Aκ) and Aκ = Lκ on C20(Rd),
(b) (Aκ, D(Aκ)) is the closure of (Lκ, C∞c (Rd)),
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(c) the function x 7→ pκ(t, x, y) belongs to D(Aκ) for all t > 0, y ∈ Rd, and
Aκx pκ(t, x, y) = Lκx pκ(t, x, y) = ∂tpκ(t, x, y) , x ∈ Rd .
(4) Let (Aκ, D(Aκ)) be the generator of (P κt )t>0 on (Lp(Rd), ‖ · ‖p), p ∈ [1,∞).
Then
(a) C2c (R
d) ⊆ D(Aκ) and Aκ = Lκ on C2c (Rd),
(b) (Aκ, D(Aκ)) is the closure of (Lκ, C∞c (Rd)),
(c) the function x 7→ pκ(t, x, y) belongs to D(Aκ) for all t > 0, y ∈ Rd, and in Lp(Rd),
Aκ pκ(t, ·, y) = Lκ pκ(t, ·, y) = ∂tpκ(t, ·, y) .
Finally, we provide a lower bound for the heat kernel pκ(t, x, y). For abbreviation we write
σ for the set of constants (γ0, κ0, κ1, κ3, αh, Ch, h).
Theorem 1.4. Assume (Q1) or (Q2). The following hold true.
(i) There are T0 = T0(d, ν, σ, κ2, β) > 0 and c = c(d, ν, σ) > 0 such that for all t ∈ (0, T0],
x, y ∈ Rd,
pκ(t, x, y) > c
(
[h−1(1/t)]−d ∧ tν (|x− y|)) . (16)
(ii) If additionally ν is positive, then for every T > 0 there is c = c(d, T, ν, σ, κ2, β) > 0 such
that (16) holds for t ∈ (0, T ] and x, y ∈ Rd.
(iii) If additionally there are β ∈ [0, 2) and c > 0 such that cλd+βν(λr) 6 ν(r), λ 6 1, r > 0,
then for every T > 0,
pκ(t, x, y) > cΥt(y − x), t ∈ (0, T ], x, y ∈ Rd.
Remark 1.5. If (2), (3) hold, then |κ(x, z)−κ(y, z)| 6 (2κ1∨κ2)|x−y|β1 for every β1 ∈ [0, β].
Our results allow to uniquely solve the martingale problem to the operator (Lκ, C∞c (Rd)).
They also have applications to the Kato class of the semigroup (P κt )t>0. For details see [26,
Remark 1.5 and 1.6].
There has been a lot of interest recently in constructing semigroups for Le´vy-type operators
[38], [14], [37], [26], [7], [8], [44], [5], [45], [57], [42], [35], [13]. Such operators arise naturally due
to the Courre`ge-Waldenfels theorem [30, Theorem 4.5.21], [9, Theorem 2.21]. In principle, those
operators are not symmetric, so the L2-theory or Dirichlet forms do not apply in this context.
In addition, here we deal with a difficulty that comes from a possible non-symmetry of the
internal structure, that is from the non-symmetry of the Le´vy measure κ(x, z)J(z)dz. It may
cause a non-zero internal drift that emerges from the compensation term
∫
|z|<1
zκ(x, z)J(z)dz
in (8). Note that
Lκf(x) =
∫
Rd
(f(x+ z)− f(x)− 1|z|<r 〈z,∇f(x)〉) κ(x, z)J(z)dz
+
(∫
Rd
z
(
1|z|<r − 1|z|<1
)
κ(x, z)J(z)dz
)
· ∇f(x) . (17)
The influence of the internal drift (17) (usually at a time scale r = h−1(1/t)) may differ
according to the operator’s order – that we measure by the growth of the function h in (4)
and (5). For instance, if the order is greater than one, i.e., if (1), (2), (3) and (4) with αh > 1
hold, then by Lemma 5.5 the inequalities (6) and (7) are automatically satisfied. This tacitly
facilitates the analysis of the sub-critical non-symmetric case, see [26], [38], [35], [13], [43]. This
is no longer the case in general if αh = 1 (critical case) or αh < 1 (super-critical case), which
makes the study of the operator (8) harder. In those cases the first order drift term (17) is not
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necessarily suppressed by the non-local part of the operator. Note that under the symmetry
condition, i.e., the symmetry of J and κ(x, z) = κ(x,−z), x, z ∈ Rd, we have
sup
r∈(0,1]
sup
x∈Rd
∣∣∣∣∫
r6|z|<1
zκ(x, z)J(z)dz
∣∣∣∣ = 0. (18)
Therefore it may seem natural to impose (18) as an assumption in a general (non-symmetric)
case if say αh = 1 in (4), as it was done in [35] and [13] for 1-stable Le´vy case J(z) = |z|−d−1.
However, in view of our results, we see that such assumption is excessively restrictive. Indeed,
for ν(r) = r−d−1 the inequalities (6) and (7) read as
sup
x∈Rd
∣∣∣∣∫
r6|z|<1
z κ(x, z)J(z)dz
∣∣∣∣ 6 c , r ∈ (0, 1],∣∣∣∣∫
r6|z|<1
z
[
κ(x, z)− κ(y, z)]J(z)dz∣∣∣∣ 6 c|x− y|β , r ∈ (0, 1].
Similarly to (18) the conditions (6) and (7) prescribe certain cancellations in the expressions of
their left-hand sides. The admissible rate rh(r) is inherited from from the Le´vy measure J(z)dz,
see (1) and the definition of h. For the next example let us consider ν(r) = r−d−1 log(2 + 1/r),
which slightly more singular at zero than that for 1-stable Le´vy case. Then (4) holds with
αh = 1, but not with any αh > 1, and (5) holds with any βh > 1, but not with βh = 1. We
also have that ν(r) is comparable with r−dh(r), see Lemma 5.3 and 5.4. Thus (6) and (7)
respectively allow for logarithmic unboundedness as r → 0 as follows
sup
x∈Rd
∣∣∣∣∫
r6|z|<1
z κ(x, z)J(z)dz
∣∣∣∣ 6 c log(2 + 1/r) , r ∈ (0, 1],∣∣∣∣∫
r6|z|<1
z
[
κ(x, z)− κ(y, z)]J(z)dz∣∣∣∣ 6 c|x− y|β log(2 + 1/r) , r ∈ (0, 1].
On the other hand, if (1)–(5) hold with 0 < αh 6 βh < 1, then rh(r)→ 0 whenever r → 0. For
instance, if ν(r) = r−d−α and α ∈ (1/2, 1) (to have 1−α < α, see (Q2)), then rh(r) = r1−αh(1).
The tool used in this paper is the parametrix method, proposed by E. Levi [48] to solve elliptic
Cauchy problems. It was successfully applied in the theory of partial differential equations [23],
[52], [16], [20], with an overview in the monograph [21], as well as in the theory of pseudo-
differential operators [19], [37], [38], [44], [57]. In particular, operators comparable in a sense
with the fractional Laplacian were intensively studied [17], [18], [41], [43], [19], also very recently
[14], [35], [13], [45]. More detailed historical comments on the development of the method can
be found in [21, Bibliographical Remarks] and in the introductions of [38] and [5].
Basically we follow the scheme of [26], which in turn was motivated by [37] and [14]. The
fundamental solution pκ is expected to be give by
pκ(t, x, y) = pKy(t, x, y) +
∫ t
0
∫
Rd
pKz(t− s, x, z)q(s, z, y) dzds ,
where q(t, x, y) solves the equation
q(t, x, y) = q0(t, x, y) +
∫ t
0
∫
Rd
q0(t− s, x, z)q(s, z, y) dzds ,
and q0(t, x, y) =
(LKxx − LKyx )pKy(t, x, y). Here pKw is the heat kernel of the Le´vy operator LKw
obtained from the operator Lκ by freezing its coefficients: Kw(z) = κ(w, z). In our setting we
draw the initial knowledge of pKw from [25], which we then exploit in Section 2 to establish
further properties. Already in this preliminary part we essentially incorporate (6) and (7),
which differs it from [26]. We also see the effect of the internal drift and the fact that the order
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of the operator does not have to be strictly larger than one, e.g., Theorem 2.6. In Section 3.1
we carry out the construction of pκ. In view of future developments the following remark is
notable.
Remark 1.6. We emphasize that the construction is possible and many preliminary facts hold
true under a weaker assumption
(Q0) (1)–(4) hold, αh ∈ (0, 1]; (6) and (7) hold.
In particular, see Lemma 3.1, Theorem 3.2, Lemma 3.3, Lemma 3.15 and (63).
The subsequent non-trivial step is to verify that pκ is the actual solution. To this end in
Section 3.2 we need extra constraints which eventually result in (Q1) and (Q2), see for instance
Lemma 3.10. In Section 3.3 we collect initial properties of pκ. In Section 4 we establish
a nonlocal maximum principle, analyze the semigroup (P κt )t>0, complement the fundamental
properties of pκ and prove Theorems 1.1–1.4. Sections 5 and 6 contain auxiliary results. Proofs
that are the same as in [26] are reduced to a minimum, we only point of which facts are needed.
Other related papers treat for instance (symmetric) singular Le´vy measures [5], [45] or (sym-
metric) exponential Le´vy measures [36]. We also list some papers that use different techniques
to associate a semigroup to an operator like symbolic calculus [55], [28], [47], [27], [29], [31],
[7], [8], Dirichlet forms [22], [10], [1], [11], [12] or perturbation series [51], [4], [33], [34], [32], [6].
For probabilistic methods and applications we refer the reader to [15], [42], [50], [39], [46], [45].
Throughout the article ωd = 2pi
d/2/Γ(d/2) is the surface measure of the unit sphere in Rd.
By c(d, . . .) we denote a generic positive constant that depends only on the listed parameters
d, . . .. As usual a ∧ b = min{a, b} and a ∨ b = max{a, b}. We use “:=” to denote a definition.
In what follows the constants γ0, κ0, κ1, κ2, β, αh, Ch, βh, ch can be regarded as fixed. We will
also need a non-increasing function
Θ(t) := 1 + ln
(
1 ∨ [h−1(1/t)]−1) , t > 0 .
Excluding Section 4, 5 and 6 we explicitly formulate all assumptions in lemmas, corollaries,
propositions and theorems. In the whole Section 4 we assume that either (Q1) or (Q2)
holds.
2. Analysis of the heat kernel of LK
Assume that a function K : Rd → [0,∞) is such that
0 < κ0 6 K(z) 6 κ1 , (19)
and
sup
x∈Rd
∣∣∣∣∫
r6|z|<1
z K(z)J(z)dz
∣∣∣∣ 6 κ3rh(r) , r ∈ (0, 1]. (20)
For J(z) satisfying (1) and (4) we consider an operator LK defined by taking κ(x, z) = K(z) in
(8). The operator uniquely determines a Le´vy process and its density pK(t, x, y) = pK(t, y − x)
(see Section 6. In particular, (91) holds by (1), (80) and (4)). To simplify the notation we
introduce
δK1.r(t, x, y; z) := p
K(t, x+ z, y)− pK(t, x, y)− 1|z|<r
〈
z,∇xpK(t, x, y)
〉
, (21)
and δK = δK1.1. Thus we have (the integral converges absolutely, see (25))
LK1x pK2(t, x, y) =
∫
Rd
δK2(t, x, y; z)K1(z)J(z)dz . (22)
The result below is the initial point of the whole paper.
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Proposition 2.1. Assume (1), (4), (19), (20). For every T > 0 and β ∈ Nd0 there exists a
constant c = c(d, T, β, σ) such that for all t ∈ (0, T ], x, y ∈ Rd,
|∂βxpK (t, x, y) | 6 c
[
h−1(1/t)
]−|β|
Υt(y − x) .
Proof. The result follows from [25, Theorem 5.6 and Remark 5.7]. 
Lemma 2.2. Assume (1), (4), (19), (20). For every T, θ > 0 there exists a constant c˜ =
c˜(d, T, θ, ν, σ) such that for all t ∈ (0, T ] and |x− y| 6 θh−1(1/t),
pK (t, x, y) > c˜
[
h−1(1/t)
]−d
.
Proof. We use [25, Corollary 5.11] with x− y− tb[h−1
0
(1/t)] in place of x as we have by (20) that
|tb[h−1
0
(1/t)]| 6 ah−10 (1/t) for a = a(d, T, σ). 
To shorten the notation we define the following expressions. For t > 0, x, y, z ∈ Rd,
F1 := Υt(y − x− z)1|z|>h−1(1/t) +
[( |z|
h−1(1/t)
)2
∧
( |z|
h−1(1/t)
)]
Υt(y − x),
F2 := Υt(y − x− z)1|z|>h−1(1/t) +
[( |z|
h−1(1/t)
)
∧ 1
]
Υt(y − x).
Hereinafter we add arguments (t, x, y; z) when referring to functions given above.
Lemma 2.3. Assume (1), (4), (19), (20). For every T > 0 there exists a constant c = c(d, T, σ)
such that for all r > 0, t ∈ (0, T ], x, x′, y, z ∈ Rd we have∣∣pK(t, x+ z, y)− pK(t, x, y)∣∣ 6 cF2(t, x, y; z) , (23)∣∣∇xpK(t, x+ z, y)−∇xpK(t, x, y)∣∣ 6 c [h−1(1/t)]−1F2(t, x, y; z) , (24)
|δK1.r(t, x, y; z)| 6 c
(F1(t, x, y; z)1|z|<r + F2(t, x, y; z)1|z|>r) , (25)
and whenever |x′ − x| < h−1(1/t), then
|δK1.r(t, x′, y; z)− δK1.r(t, x, y; z)| 6 c
( |x′ − x|
h−1(1/t)
)(F1(t, x, y; z)1|z|<r + F2(t, x, y; z)1|z|>r) . (26)
Proof. The inequalities follow from Proposition 2.1, cf. [26, Lemma 2.3–2.8]. 
The inequalities (23) and (24) can be written equivalently as∣∣pK(t, x′, y)− pK(t, x, y)∣∣ 6 c( |x′ − x|
h−1(1/t)
∧ 1
)(
Υt(y − x′) + Υt(y − x)
)
,
∣∣∇xpK(t, x′, y)−∇xpK(t, x, y)∣∣ 6 c( |x′ − x|
h−1(1/t)
∧ 1
)[
h−1(1/t)
]−1 (
Υt(y − x′) + Υt(y − x)
)
.
We choose the prior form to reduce the number of cases to discuss when integrating those
expressions. On the other hand, from the latter we easily get what follows (cf. [26]).
Lemma 2.4. Assume (1), (4), (19), (20). For every T > 0 there exists a constant c = c(d, T, σ)
such that for all t ∈ (0, T ], x, x′, y, w ∈ Rd and γ ∈ [0, 1],
|pK(t, x′, y)− pK(t, x, y)| 6 c(|x− x′|γ ∧ 1) [h−1(1/t)]−γ (Υt(y − x′) + Υt(y − x)).
In the next lemmas we discuss LK1x pK(t, x, y) and LK1x pK(t, x′, y)− LK1x pK(t, x, y).
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Lemma 2.5. Assume (1), (4) and let K, K1 satisfy (19), (20). For every T > 0 there exists a
constant c = c(d, T, σ) such that for all t ∈ (0, T ], x, y, w ∈ Rd we have∣∣∣∣∫
Rd
δK(t, x, y; z)K1(z)J(z)dz
∣∣∣∣ 6 ct−1Υt(y − x) . (27)
Proof. Let I be the left hand side of (27). We note that the integral defining I converges
absolutely. Using (17) with r = h−1(1/t), and Lemma 2.3,
I 6 c
∫
|z|>h−1(1/t)
F2(t, x, y; z)K1(z)J(z)dz + c
∫
|z|<h−1(1/t)
F1(t, x, y; z)K1(z)J(z)dz
+
∣∣∣∣∫
Rd
z
(
1|z|<h−1(1/t) − 1|z|<1
)
K1(z)J(z)dz
∣∣∣∣ |∇xpK(t, x, y)| .
By (20) and Proposition 2.1 the last term is bounded by c t−1Υt(y − x). The same holds for
the first two terms by (1), (19), Lemma 5.1 and 5.9. 
Theorem 2.6. Assume (1), (4), (19), (20). For every T > 0 the inequalities∫
Rd
|δK(t, x, y; z)| J(z)dz 6 c ϑ(t) t−1Υt(y − x) , (28)∫
Rd
|δK(t, x′, y; z)−δK(t, x, y; z)| J(z)dz 6 c
( |x′ − x|
h−1(1/t)
∧ 1
)
ϑ(t) t−1
(
Υt(y − x′) + Υt(y − x)
)
,
hold for all t ∈ (0, T ], x, x′, y ∈ Rd with
(a) ϑ(t) = Θ(t) and c = c(d, T, σ) if αh = 1,
(b) ϑ(t) = t [h−1(1/t)]−1 and c = c(d, T, σ, βh, ch) if (5) holds for 0 < αh 6 βh < 1.
Proof. Let r = h−1(1/t). By (25) we get∫
Rd
|δK(t, x, y; z)| J(z)dz
6
∫
Rd
|δK1.r(t, x, y; z)| J(z)dz +
∫
Rd
|z| ∣∣1|z|<r − 1|z|<1∣∣ J(z) dz |∇xpK(t, x, y)|
6 c
∫
|z|>h−1(1/t)
F2(t, x, y; z) J(z)dz + c
∫
|z|<h−1(1/t)
F1(t, x, y; z) J(z)dz
+
∫
Rd
|z| ∣∣1|z|<h−1(1/t) − 1|z|<1∣∣ J(z)dz [h−1(1/t)]−1Υt(y − x) .
The first inequality follows from Lemma 5.1, 5.5 and 5.9. In the case (c) we also use t−1[h−1(1/t)] 6
c for t ∈ (0, T ], which is a consequence of (5). Now we prove the second inequality. If
|x′ − x| > h−1(1/t), then∫
Rd
(|δK(t, x′, y; z)|+ |δK(t, x, y; z)|)J(z)dz 6 c ϑ(t)t−1 (Υt(y − x′) + Υt(y − x)) .
If |x′ − x| < h−1(1/t) we rely on (26), (24) and again Lemma 5.1, 5.5 and 5.9. 
Lemma 2.7. Assume (1), (4) and let K1, K2 satisfy (19), (20). For all t > 0, x, y ∈ Rd and
s ∈ (0, t),
d
ds
∫
Rd
pK1(s, x, z)pK2(t− s, z, y) dz
=
∫
Rd
LK1x pK1(s, x, z) pK2(t− s, z, y) dz −
∫
Rd
pK1(s, x, z)LK2z pK2(t− s, z, y) dz ,
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and ∫
Rd
LKxpK1(s, x, z)pK2(t− s, z, y) dz =
∫
Rd
pK1(s, x, z)LKz pK2(t− s, z, y) dz .
Proof. The proof is the same as in [26]. We do not use Theorem 2.6 here, but a fact that for
every 0 < t0 < T there exists a constant c = c(d, T, t0, σ) such that for all t ∈ [t0, T ], x, y ∈ Rd,∫
Rd
|δK1(t, x, y; z)| J(z)dz 6 c t−1Υt(y − x) 6 ct−10 Υt0(y − x) , (29)
which is valid under the assumptions of the lemma. 
Consider J(z) satisfying (1) and (4), and κ(x, z) satisfying (2) and (6). For a fixed w ∈ Rd
we define Kw(z) = κ(w, z), for which then (19) and (20) hold. Let p
Kw(t, x, y) be the heat kernel
of the operator LKw . That procedure is known as freezing the coefficients of the operator Lκ.
For all t > 0, x, y, w ∈ Rd,
∂tp
Kw(t, x, y) = LKwx pKw(t, x, y) , (30)
where for every w′ ∈ Rd we have (see (22))
LKw′x pKw(t, x, y) =
∫
Rd
δKw(t, x, y; z)κ(w′, z)J(z)dz .
We mostly use the decomposition (17) in the form
LKwx pK(t, x, y) =
∫
Rd
δK1.r(t, x, y; z) κ(w, z)J(z)dz
+
(∫
Rd
z
(
1|z|<r − 1|z|<1
)
κ(w, z)J(z) dz
)
· ∇xpK(t, x, y) .
First we deal with
(LKw′x −LKwx )pK(t, x, y).
Lemma 2.8. Assume (Q0) and let K satisfy (19), (20). For every T > 0 there exists a constant
c = c(d, T, σ, κ2, κ4) such that for all t ∈ (0, T ], x, y, w, w′ ∈ Rd we have∣∣∣∣∫
Rd
δK(t, x, y; z) (κ(w′, z)− κ(w, z)) J(z)dz
∣∣∣∣ 6 c (|w′ − w|β ∧ 1) t−1Υt(y − x) . (31)
Proof. If |w′−w| > 1 we apply (27). Let I be the left hand side of (31) and |w′−w| < 1. We
also note that the integral defining I converges absolutely. Using (17) with r = h−1(1/t), and
(25),
I 6 c
∫
|z|>h−1(1/t)
F2(t, x, y; z) |κ(w′, z)− κ(w, z)|J(z)dz
+ c
∫
|z|<h−1(1/t)
F1(t, x, y; z) |κ(w′, z)− κ(w, z)|J(z)dz
+
∣∣∣∣∫
Rd
z
(
1|z|<h−1(1/t) − 1|z|<1
) (
κ(w′, z)− κ(w, z))J(z)dz∣∣∣∣ |∇xpK(t, x, y)| .
By (7) and Proposition 2.1 the last term is bounded by |w′ − w|βt−1Υt(y − x). The same is
true for the first two terms by (1), (3), Lemma 5.1 and 5.9. 
We prove the estimate for
(LKw′x − LKwx ) (pK(t, x′, y)− pK(t, x, y)).
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Lemma 2.9. Assume (Q0) and let K satisfy (19), (20). For every T > 0 there exists a constant
c = c(d, T, σ, κ2, κ4) such that for all t ∈ (0, T ], x, x′, y, w, w′ ∈ Rd,∣∣∣∣∫
Rd
(
δK(t, x′, y; z)− δK(t, x, y; z)) (κ(w′, z)− κ(w, z)) J(z)dz∣∣∣∣
6 c
( |x′ − x|
h−1(1/t)
∧ 1
)(|w′ − w|β ∧ 1) t−1(Υt(y − x′) + Υt(y − x)) . (32)
Proof. If |x′ − x| > h−1(1/t) we apply (31). Let I be the left hand side of (32) and |x′ − x| <
h−1(1/t). By (17) with r = h−1(1/t) and (26),
I 6 c
( |x′ − x|
h−1(1/t)
)∫
|z|>h−1(1/t)
F2(t, x, y; z) |κ(w′, z)− κ(w, z)|J(z)dz
+ c
( |x′ − x|
h−1(1/t)
)∫
|z|<h−1(1/t)
F1(t, x, y; z) |κ(w′, z)− κ(w, z)|J(z)dz
+
∣∣∣∣∫
Rd
z
(
1|z|<h−1(1/t) − 1|z|<1
) (
κ(w′, z)− κ(w, z))J(z)dz∣∣∣∣ |∇x′pK(t, x′, y)−∇xpK(t, x, y)| .
By (7) and (24) we bound the last expression by (|w′−w|β ∧ 1)(|x′−x|/h−1(1/t))t−1Υt(y−x).
For the first two terms we rely on (1), (3), Lemma 5.1 and 5.9. 
Proposition 2.10. Assume (Q0). For every T > 0 there exists a constant c = c(d, T, σ, κ2, κ4)
such that for all t ∈ (0, T ], x, y, w, w′ ∈ Rd,
|pKw′ (t, x, y)− pKw(t, x, y)| 6 c (|w′ − w|β ∧ 1)Υt(y − x) ,
|∇xpKw′ (t, x, y)−∇xpKw(t, x, y)| 6 c(|w′ − w|β ∧ 1)
[
h−1(1/t)
]−1
Υt(y − x) ,∣∣LKxx pKw′ (t, x, y)−LKxx pKw(t, x, y)∣∣ 6 c(|w′ − w|β ∧ 1) t−1Υt(y − x) .
Moreover, for every T > 0 the inequality∫
Rd
|δKw′ (t, x, y; z)− δKw(t, x, y; z)| J(z)dz 6 c(|w′ − w|β ∧ 1)ϑ(t) t−1Υt(y − x) . (33)
hold for all t ∈ (0, T ], x, y, w, w′ ∈ Rd with
(a) ϑ(t) = Θ(t) and c = c(d, T, σ, κ2, κ4) if αh = 1,
(b) ϑ(t) = t [h−1(1/t)]−1 and c = c(d, T, σ, κ2, κ4, βh, ch) if (5) holds for 0 < αh 6 βh < 1.
Proof. In what follows we use Corollary 5.14, Lemma 5.6 and the monotonicity of h−1 without
further comment, cf. [26].
(i) Like in [26] using Lemma 2.7 we get
pK1(t, x, y)− pK2(t, x, y) = lim
ε1→0+
∫ t/2
ε1
∫
Rd
pK1(s, x, z)
(LK1z −LK2z ) pK2(t− s, z, y) dzds
+ lim
ε2→0+
∫ t−ε2
t/2
∫
Rd
(LK1x − LK2x ) pK1(s, x, z)pK2(t− s, z, y) dzds .
By Proposition 2.1 and (31),∫ t/2
ε
∫
Rd
pKw′ (s, x, z) |(LKw′z − LKwz ) pKw(t− s, z, y)| dzds
6 c (|w′ − w|β ∧ 1)
∫ t/2
ε
∫
Rd
Υs(z − x) (t− s)−1Υt−s(y − z) dzds
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6 c (|w′ − w|β ∧ 1)Υt(y − x)
∫ t/2
ε
t−1ds .
Similarly,∫ t−ε
t/2
∫
Rd
|(LKw′x − LKwx ) pKw′ (s, x, z)| pKw(t− s, z, y) dzds 6 c (|w′ − w|β ∧ 1)Υt(y − x) .
(ii) Let w0 ∈ Rd be fixed. Define K0(z) = (κ0/(2κ1))κ(w0, z) and K̂w(z) = Kw(z) − K0(z). By
the construction of the Le´vy process we have
pKw(t, x, y) =
∫
Rd
pK0(t, x, ξ)pK̂w(t, ξ, y) dξ . (34)
Then by (23) and Proposition 2.1,
|∇xpKw′ (t, x, y)−∇xpKw(t, x, y)| 6
∫
Rd
∣∣∇xpK0(t, x, ξ)∣∣ ∣∣∣pK̂w′ (t, ξ, y)− pK̂w(t, ξ, y)∣∣∣dξ
6 c(|w′ − w| ∧ 1) [h−1(1/t)]−1Υt(y − x) .
(iii) By (34) we have
δKw′ (t, x, y; z)− δKw(t, x, y; z) =
∫
Rd
δK0(t, x, ξ; z)
(
pK̂w′ (t, ξ, y)− pK̂w(t, ξ, y)
)
dξ.
Then by (22) and (27),∣∣LKxx pKw′ (t, x, y)−LKxx pKw(t, x, y)∣∣ 6 ∫
Rd
∣∣LKxx pK0(t, x, ξ)∣∣ ∣∣∣pK̂w′ (t, ξ, y)− pK̂w(t, ξ, y)∣∣∣dξ
6 c(|w′ − w| ∧ 1) t−1Υt(y − x) .
(iv) By Theorem 2.6,∫
Rd
|δKw′ (t, x, y; z)− δKw(t, x, y; z)| J(z)dz
6
∫
Rd
(∫
Rd
|δK0(t, x, ξ; z)| J(z)dz
) ∣∣∣pK̂w′ (t, ξ, y)− pK̂w(t, ξ, y)∣∣∣dξ
6 c(|w′ − w| ∧ 1)
∫
Rd
ϑ(t)t−1Υt(ξ − x)Υt(y − ξ) dξ
6 c(|w′ − w| ∧ 1)ϑ(t)t−1Υt(y − x) .

Lemma 2.11. Assume (Q0). The functions pKw(t, x, y) and ∇xpKw(t, x, y) are jointly con-
tinuous in (t, x, y, w) ∈ (0,∞) × (Rd)3. The function LKvx pKw(t, x, y) is jointly continuous in
(t, x, y, w, v) ∈ (0,∞)× (Rd)4. Furthermore,
lim
t→0+
sup
x∈Rd
∣∣∣∣∫
Rd
pKy(t, x, y) dy − 1
∣∣∣∣ = 0 (35)
Proof. The result follows from Proposition 2.10, Lemma 6.1, (25) and Lemma 5.18, cf. [26].

Lemma 2.12. Assume (Q0). Let β1 ∈ [0, β] ∩ [0, αh). For every T > 0 there exists a constant
c = c(d, T, σ, κ2, κ4, β1) such that for all t ∈ (0, T ], x ∈ Rd,∣∣∣∣∫
Rd
∇xpKy(t, x, y) dy
∣∣∣∣ 6 c[h−1(1/t)]−1+β1 . (36)
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Proof. The inequality results from (23), Proposition 2.10 and Lemma 5.18, cf. [26]. 
Lemma 2.13. Assume (Q0). Let β1 ∈ [0, β] ∩ [0, αh). For every T > 0 the inequality∫
Rd
∣∣∣∣∫
Rd
δKy(t, x, y; z) dy
∣∣∣∣J(z)dz 6 c ϑ(t) t−1 [h−1(1/t)]β1 , (37)
holds for all t ∈ (0, T ], x ∈ Rd with
(a) ϑ(t) = Θ(t) and c = c(d, T, σ, κ2, κ4, β1) if αh = 1,
(b) ϑ(t) = t [h−1(1/t)]−1 and c = c(d, T, σ, κ2, κ4, β1, βh, ch) if (5) holds for 0 < αh 6 βh < 1.
Proof. The proof requires the use of (23), (2), (33) and Lemma 5.18, cf. [26]. 
Lemma 2.14. Assume (Q0). Let β1 ∈ [0, β] ∩ [0, αh). For every T > 0 there exists a constant
c = c(d, T, σ, κ2, κ4, β1) such that for all t ∈ (0, T ], x ∈ Rd,∣∣∣∣∫
Rd
LKxx pKy(t, x, y) dy
∣∣∣∣ 6 ct−1 [h−1(1/t)]β1 , (38)
Proof. By Proposition 2.10 we have∣∣∣∣∫
Rd
LKxx pKy(t, x, y) dy
∣∣∣∣ = ∣∣∣∣∫
Rd
(LKxx pKy(t, x, y)− LKxx pKx(t, x, y)) dy∣∣∣∣ 6 c ∫
Rd
ρβ10 (t, x− y)dy .
The result follows from Lemma 5.18(a). 
3. Levi’s construction of heat kernels
We use the notations of the previous section. For γ, β ∈ R we introduce the following function
(see Appendix 5.4)
ρβγ(t, x) :=
[
h−1(1/t)
]γ (|x|β ∧ 1) t−1Υt(x) . (39)
3.1. Construction of q(t, x, y). For (t, x, y) ∈ (0,∞)× Rd × Rd define
q0(t, x, y) :=
∫
Rd
δKy(t, x, y; z) (κ(x, z)− κ(y, z))J(z)dz = (LKxx −LKyx )pKy(t, x, y) .
Lemma 3.1. Assume (Q0). For every T > 0 there exists a constant c = c(d, T, σ, κ2, κ4) > 1
such that for all β1 ∈ [0, β], t ∈ (0, T ] and x, x′, y, y′ ∈ Rd
|q0(t, x, y)| 6 cρβ10 (t, y − x) , (40)
and for every γ ∈ [0, β1],
|q0(t, x, y)− q0(t, x′, y)|
6 c
(|x− x′|β1−γ ∧ 1) {(ρ0γ + ρβ1γ−β1) (t, x− y) + (ρ0γ + ρβ1γ−β1) (t, x′ − y)} , (41)
and
|q0(t, x, y)− q0(t, x, y′)|
6 c
(|y − y′|β1−γ ∧ 1){(ρ0γ + ρβ1γ−β1) (t, x− y) + (ρ0γ + ρβ1γ−β1) (t, x− y′)} . (42)
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Proof. (i) (40) follows from (31).
(ii) For |x− x′| > 1 the inequality holds by (40) and (86):
|q0(t, x, y)| 6 cρβ10 (t, y − x) 6 c
[
h−1(1/T ) ∨ 1]β1−γ ρβ1γ−β1(t, y − x) .
For 1 > |x− x′| > h−1(1/t) the result follows from (40) and
|q0(t, x, y)| 6 cρβ10 (t, y − x) = c
[
h−1(1/t)
]β1−γ
ρβ1γ−β1(t, y − x) 6 c|x− x′|β1−γρβ1γ−β1(t, y − x) .
Now, (31) and (32) provide that
|q0(t, x, y)− q0(t, x′, y)| =
∣∣∣∣∫
Rd
δKy(t, x, y; z)(κ(x, z)− κ(y, z)) J(z)dz
−
∫
Rd
δKy(t, x′, y; z)(κ(x′, z)− κ(y, z)) J(z)dz
∣∣∣∣
6
∣∣∣∣∫
Rd
(
δKy(t, x, y; z)− δKy(t, x′, y; z)) (κ(x, z)− κ(y, z))J(z)dz∣∣∣∣
+
∣∣∣∣∫
Rd
(
δKy(t, x′, y; z)
)
(κ(x, z)− κ(x′, z)) J(z)dz
∣∣∣∣
+ c
(|x− x′|β1 ∧ 1) ∫
Rd
|δKy(t, x′, y; z)| J(z)dz
6 c
(|x− y|β1 ∧ 1)( |x− x′|
h−1(1/t)
∧ 1
)(
ρ00(t, x− y) + ρ00(t, x′ − y)
)
+ c
(|x− x′|β1 ∧ 1) ρ00(t, x′ − y).
Applying (|x− y|β1 ∧ 1) 6 (|x− x′|β1 ∧ 1) + (|x′ − y|β1 ∧ 1) we obtain
|q0(t, x, y)− q0(t, x′, y)| 6 c
( |x− x′|
h−1(1/t)
∧ 1
)(
ρβ10 (t, x− y) + ρβ10 (t, x′ − y)
)
+ c
(|x− x′|β1 ∧ 1) ρ00(t, x′ − y).
Thus in the last case |x−x′| 6 h−1(1/t)∧1 we have |x−x′|/h−1(1/t) 6 |x−x′|β1−γ [h−1(1/t)]γ−β1
and |x− x′|β1 6 |x− x′|β1−γ [h−1(1/t)]γ .
(iii) We treat the cases |y− y′| > 1 and 1 > |y− y′| > h−1(1/t) like in part (ii). Now note that
by δK(t, x, y; z) = δK(t,−y,−x; z), (31), (32) and Proposition 2.10,
|q0(t, x, y)− q0(t, x, y′)|
6
∣∣∣∣∫
Rd
δKy(t, x, y; z) (κ(y′, z)− κ(y, z))J(z)dz
∣∣∣∣
+
∣∣∣∣∫
Rd
(
δKy(t, x, y; z)− δKy(t, x, y′; z)) (κ(x, z)− κ(y′, z)) J(z)dz∣∣∣∣
+
∣∣∣∣∫
Rd
(
δKy(t, x, y′; z)− δKy′ (t, x, y′; z)) κ(x, z)J(z)dz∣∣∣∣
+
∣∣∣∣− ∫
Rd
(
δKy(t, x, y′; z)− δKy′ (t, x, y′; z)) κ(y′, z)J(z)dz∣∣∣∣
6 c
(|y − y′|β1 ∧ 1) ρ00(t, x− y)
+ c
(|x− y′|β1 ∧ 1)( |y − y′|
h−1(1/t)
∧ 1
)(
ρ00(t, x− y) + ρ00(t, x− y′)
)
+ c
(|y − y′|β1 ∧ 1) ρ00(t, x− y′) .
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Applying (|x− y′|β1 ∧ 1) 6 (|x− y|β1 ∧ 1) + (|y − y′|β1 ∧ 1) we obtain
|q0(t, x, y)− q0(t, x, y′)| 6 c
( |y − y′|
h−1(1/t)
∧ 1
)(
ρβ10 (t, x− y) + ρβ10 (t, x− y′)
)
+ c
(|y − y′|β1 ∧ 1) (ρ00(t, x− y) + ρ00(t, x− y′)).
This proves (42) in the case |y − y′| 6 h−1(1/t) ∧ 1. 
Theorem 3.2. Assume (Q0). The series q(t, x, y) :=
∑∞
n=0 qn(t, x, y) is absolutely and locally
uniformly convergent on (0,∞)× Rd × Rd and solves the integral equation
q(t, x, y) = q0(t, x, y) +
∫ t
0
∫
Rd
q0(t− s, x, z)q(s, z, y) dz ds . (43)
Moreover, for every T > 0 and β1 ∈ (0, β] ∩ (0, αh) there is a constant c = c(d, T, σ, κ2, κ4, β1)
such that on (0, T ]× Rd × Rd,
|q(t, x, y)| 6 c(ρβ10 + ρ0β1)(t, x− y) , (44)
and for any γ ∈ (0, β1] there is c = c(d, T, σ, κ2, κ4, β1, γ) such that on (0, T ]× Rd × Rd,
|q(t, x, y)− q(t, x′, y)|
6 c
(|x− x′|β1−γ ∧ 1){(ρ0γ + ρβ1γ−β1)(t, x− y) + (ρ0γ + ρβ1γ−β1)(t, x′ − y)} , (45)
and
|q(t, x, y)− q(t, x, y′)|
6 c
(|y − y′|β1−γ ∧ 1){(ρ0γ + ρβ1γ−β1)(t, x− y) + (ρ0γ + ρβ1γ−β1)(t, x− y′)} . (46)
Proof. The proof fully relies on Lemma 3.1 and 5.18, therefore it is the same as in [26]. 
3.2. Properties of φy(t, x). Let
φy(t, x, s) :=
∫
Rd
pKz(t− s, x, z)q(s, z, y) dz, x ∈ Rd, 0 6 s < t , (47)
and
φy(t, x) :=
∫ t
0
φy(t, x, s) ds =
∫ t
0
∫
Rd
pKz(t− s, x, z)q(s, z, y) dzds . (48)
Lemma 3.3. Assume (Q0). Let β1 ∈ (0, β] ∩ (0, αh). For every T > 0 there exists a constant
c = c(d, T, σ, κ2, κ4, β1) such that for all t ∈ (0, T ], x, y ∈ Rd,
|φy(t, x)| 6 ct
(
ρβ10 + ρ
0
β1
)
(t, x− y) .
For any T > 0 and γ ∈ [0, 1] ∩ [0, αh) there exists a constant c = c(d, T, σ, κ2, κ4, β1, γ) such
that for all t ∈ (0, T ], x, x′, y ∈ Rd,
|φy(t, x)− φy(t, x′)| 6 c(|x− x′|γ ∧ 1) t
{(
ρ0β1−γ + ρ
β1
−γ
)
(t, x− y) + (ρ0β1−γ + ρβ1−γ)(t, x′ − y)} .
For any T > 0 and γ ∈ (0, β) there exists a constant c = c(d, T, σ, κ2, κ4, β1, γ) such that for all
t ∈ (0, T ], x, y, y′ ∈ Rd,
|φy(t, x)− φy′(t, x)| 6 c(|y − y′|β1−γ ∧ 1) t
{(
ρ0γ + ρ
β1
γ−β1
)
(t, x− y) + (ρ0γ + ρβ1γ−β1)(t, x− y′)} .
Proof. The proof fully relies on Lemma 2.4, Proposition 2.1, Theorem 3.2 and Lemma 5.18,
therefore it is the same as in [26]. 
FUNDAMENTAL SOLUTION FOR SUPER-CRITICAL NON-SYMMETRIC LE´VY-TYPE OPERATORS 15
Lemma 3.4. Assume (Q0). The function φy(t, x) is jointly continuous in (t, x, y) ∈ (0,∞)×
R
d × Rd.
Proof. The proof is the same as in [26] and relies on Proposition 2.1, (44), (88), Lemma 5.18,
5.15, 2.11 and 5.6 
Lemma 3.5. Assume (Q0). For all 0 < s < t, x, y ∈ Rd,
∇xφy(t, x, s) =
∫
Rd
∇xpKz(t− s, x, z)q(s, z, y) dz , (49)
LKxx φy(t, x, s) =
∫
Rd
LKxx pKz(t− s, x, z)q(s, z, y) dz . (50)
Proof. We get (49) by (23), (44), Lemma 5.18 and the dominated convergence theorem. Now,
by (47) and (49),
LKxx φy(t, x, s) =
∫
Rd
(∫
Rd
δKz(t− s, x, z;w)q(s, z, y) dz
)
κ(x, w)J(w)dw . (51)
Finally, we use Fubini’s theorem justified by (29), (44) and Lemma 5.18(b). 
Lemma 3.6. Assume (Q0) and 1 − αh < β ∧ αh. Let β1 ∈ (0, β] ∩ (0, αh). For every T > 0
there exists a constant c = c(d, T, σ, κ2, κ4, β1) such that for all t ∈ (0, T ], x ∈ Rd,∫
Rd
∫ t
0
|∇xφy(t, x, s)| ds dy 6 c
[
h−1(1/t)
]−1+β1
.
Proof. First we assume that 1−αh < β1 and we let γ ∈ (0, β1) satisfying 1−αh < β1− γ. By
Proposition 2.1, (45), (36) and (44),
I0 6
∫
Rd
∣∣∇xpKz(t− s, x, z)∣∣ |q(s, z, y)− q(s, x, y)| dz + ∣∣∣∣∫
Rd
∇xpKz(t− s, x, z) dz
∣∣∣∣ |q(s, x, y)|
6
∫
Rd
(t− s)ρβ1−γ−1 (t− s, x− z)
(
ρ0γ + ρ
β1
γ−β1
)
(s, z − y) dz
+
∫
Rd
(t− s)ρβ1−γ−1 (t− s, x− z) dz
(
ρ0γ + ρ
β1
γ−β1
)
(s, x− y)
+
[
h−1(1/(t− s))]−1+β1 (ρβ10 + ρ0β1)(s, x− y) .
Finally we integrate using Lemma 5.18(a) and 5.15. In case of β1 6 1 − αh we use the mono-
tonicity of h−1. 
Lemma 3.7. Assume (Q0) and 1 − αh < β ∧ αh. For every T > 0 there exists a constant
c = c(d, T, σ, κ2, κ4, β) such that for all t ∈ (0, T ], x, y ∈ Rd,
∇xφy(t, x) =
∫ t
0
∫
Rd
∇xpKz(t− s, x, z)q(s, z, y) dzds , (52)
|∇xφy(t, x)| 6 c
[
h−1(1/t)
]−1
t ρ00(t, x− y) . (53)
Proof. The proof is like in [26] and rests on (49), Proposition 2.1, (44), Lemma 5.18, (87),
Lemma 5.3, Proposition 5.8, (45), (36), (88), Lemma 5.15, a fact that αh > 1/2. 
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Lemma 3.8. Assume (Q0). Let β1 ∈ (0, β]∩ (0, αh). For all T > 0, γ ∈ (0, β1] the inequalities∫
Rd
(∫
Rd
|δKz(t− s, x, z;w)||q(s, z, y)| dz
)
κ(x, w)J(w)dw
6 c1
∫
Rd
ϑ(t− s)ρ00(t− s, x− z)
(
ρβ10 + ρ
0
β1
)
(s, z − y) dz , (54)
∫
Rd
∣∣∣∣∫
Rd
δKz(t− s, x, z;w)q(s, z, y) dz
∣∣∣∣κ(x, w)J(w)dw 6 c2(I1 + I2 + I3), (55)
where
I1 + I2 + I3 :=
∫
Rd
ϑ(t− s)ρβ1−γ0 (t− s, x− z)
(
ρ0γ + ρ
β1
γ−β1
)
(s, z − y) dz
+ ϑ(t− s)(t− s)−1 [h−1(1/(t− s))]β1−γ (ρ0γ + ρβ1γ−β1)(s, x− y)
+ ϑ(t− s)(t− s)−1 [h−1(1/(t− s))]β1 (ρβ10 + ρ0β1)(s, x− y) ,
hold for all 0 < s < t 6 T , x, y ∈ Rd with
(a) ϑ(t) = Θ(t) and c1 = c1(d, T, σ, κ2, κ4, β1), c2 = c2(d, T, σ, κ2, κ4, β1, γ) if αh = 1,
(b) ϑ(t) = t [h−1(1/t)]−1 and c1 = c1(d, T, σ, κ2, κ4, β1, βh, ch), c2 = c2(d, T, σ, κ2, κ4, β1, γ, βh, ch)
if (5) holds for 0 < αh 6 βh < 1.
Proof. The inequality (54) follows from (2), (28) and (44). Next, let I0 be the left hand side
of (55). By (45), (44), (2), (37), (28), Lemma 5.18(a),
I0 6
∫
Rd
∫
Rd
|δKz(t− s, x, z;w)||q(s, z, y)− q(s, x, y)| dz κ(x, w)J(w)dw
+
∫
Rd
∣∣∣∣∫
Rd
δKz(t− s, x, z;w) dz
∣∣∣∣κ(x, w)J(w)dw |q(s, x, y)|
6 c
∫
Rd
(∫
Rd
|δKz(t− s, x, z;w)| J(w)dw
)(|x− z|β1−γ ∧ 1) (ρ0γ + ρβ1γ−β1)(s, z − y) dz
+ c
∫
Rd
(∫
Rd
|δKz(t− s, x, z;w)| J(w)dw
)(|x− z|β1−γ ∧ 1) dz (ρ0γ + ρβ1γ−β1)(s, x− y)
+ c ϑ(t− s) (t− s)−1 [h−1(1/(t− s))]β1 (ρβ10 + ρ0β1)(s, x− y) 6 c(I1 + I2 + I3) .

Lemma 3.9. Assume (Q0) and 1−αh < β∧αh. For any β1 ∈ (0, β] such that 1−αh < β1 < αh
and 0 < γ1 6 γ2 6 β1 satisfying
1− αh < β1 − γ1 , 2β1 − γ2 < αh ,
the inequality∫
Rd
∫ t
0
∣∣∣∣∫
Rd
δKz(t− s, x, z;w)q(s, z, y) dz
∣∣∣∣ ds κ(x, w)J(w)dw
6 c ϑ(t)
(
ρβ10 + ρ
β1−γ1
γ1
+ ρ0β1+γ1−γ2
)
(t, x− y) , (56)
holds for all t ∈ (0, T ], x, y ∈ Rd with
(a) ϑ(t) = Θ(t) and c = c(d, T, σ, κ2, κ4, β1, γ1, γ2) if αh = 1,
(b) ϑ(t) = t [h−1(1/t)]−1 and c = c(d, T, σ, κ2, κ4, β1, γ1, γ2, βh, ch) if (5) holds for 0 < αh 6
βh < 1.
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Proof. Let I0 be the left hand side of (55). In two cases discussed below we apply Lemma 5.18(b),
the monotonicity of h−1 and Θ (see also Lemma 5.16), and (A2) of Lemma 5.3. For s ∈ (0, t/2]
we use (54) to get
I0 6 c ϑ(t− s)
{(
(t− s)−1 [h−1(1/(t− s))]β1 + (t− s)−1 [h−1(1/s)]β1 + s−1 [h−1(1/s)]β1)
× ρ00(t, x− y) + (t− s)−1ρβ10 (t, x− y)
}
6 c ϑ(t)
{(
t−1
[
h−1(1/t)
]β1
+ s−1
[
h−1(1/s)
]β1)
ρ00(t, x− y) + t−1ρβ10 (t, x− y)
}
.
For s ∈ (t/2, t) we use (55) with γ = γ1. Then
I1 6 cϑ(t− s)
{
(t− s)−1 [h−1(1/(t− s))]β1−γ1 [h−1(1/s)]γ1 + s−1 [h−1(1/s)]β1+γ1−γ2
+ (t− s)−1 [h−1(1/(t− s))]2β1−γ2 [h−1(1/s)]γ1−β1 }ρ00(t, x− y)
+ cϑ(t− s)(t− s)−1 [h−1(1/(t− s))]β1−γ1 [h−1(1/s)]γ1−β1 ρβ10 (t, x− y)
+ cϑ(t− s)s−1 [h−1(1/s)]γ1 ρβ1−γ10 (t, x− y)
6 cϑ(t− s)
{
(t− s)−1 [h−1(1/(t− s))]β1−γ1 [h−1(1/t)]γ1 + t−1 [h−1(1/t)]β1+γ1−γ2
+ (t− s)−1 [h−1(1/(t− s))]2β1−γ2 [h−1(1/t)]γ1−β1 }ρ00(t, x− y)
+ cϑ(t− s)(t− s)−1 [h−1(1/(t− s))]β1−γ1 [h−1(1/t)]γ1−β1 ρβ10 (t, x− y)
+ cϑ(t− s)t−1 [h−1(1/t)]γ1 ρβ1−γ10 (t, x− y) .
Next, like above with (88),
I2 6 c ϑ(t− s)(t− s)−1
[
h−1(1/(t− s))]β1−γ1 (ρ0γ1 + ρβ1γ1−β1)(t, x− y) .
Similarly, I3 6 c ϑ(t−s)(t−s)−1 [h−1(1/(t− s))]β1
(
ρβ10 +ρ
0
β1
)
(t, x−y). Finally, by Lemma 5.15
and 5.16, and a fact that αh > 1/2,∫ t
0
I0 ds 6 c ϑ(t)
(
ρβ10 + ρ
β1−γ1
γ1
+ ρ0β1+γ1−γ2
)
(t, x− y) .

Lemma 3.10. Assume (Q1) or (Q2). We have for all t > 0, x, y ∈ Rd,
LKxx φy(t, x) =
∫ t
0
∫
Rd
LKxx pKz(t− s, x, z)q(s, z, y) dzds . (57)
Proof. By (48) and (52) in the first equality, and (56), (54) in the second (allowing to change
the order of integration twice) we prove (57) as follows
LKxx φy(t, x) =
∫
Rd
(∫ t
0
∫
Rd
δKz(t− s, x, z;w)q(s, z, y) dzds
)
κ(x, w)J(w)dw
=
∫ t
0
∫
Rd
(∫
Rd
δKz(t− s, x, z;w) κ(x, w)J(w)dw
)
q(s, z, y) dzds .

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Lemma 3.11. Assume (Q0). Let β1 ∈ (0, β] ∩ (0, αh). For all T > 0, γ ∈ (0, β1] there exist
constants c1 = c1(d, T, σ, κ2, κ4, β1) and c2 = c2(d, T, σ, κ2, κ4, β1, γ) such that for all 0 < s <
t 6 T , x, y ∈ Rd,∣∣LKxx φy(t, x, s)∣∣ 6 c1 ∫
Rd
ρ00(t− s, x− z)
(
ρβ10 + ρ
0
β1
)
(s, z − y) dz , (58)
∣∣LKxx φy(t, x, s)∣∣ 6 c2(I1 + I2 + I3), (59)
where
I1 + I2 + I3 :=
∫
Rd
ρβ1−γ0 (t− s, x− z)
(
ρ0γ + ρ
β1
γ−β1
)
(s, z − y) dz
+ (t− s)−1 [h−1(1/(t− s))]β1−γ (ρ0γ + ρβ1γ−β1)(s, x− y)
+ (t− s)−1 [h−1(1/(t− s))]β1 (ρβ10 + ρ0β1)(s, x− y) .
Proof. The first inequality follows from (27) and (44). By (50), (45), (44), (27), (38),
Lemma 5.18(a),∣∣LKxx φy(t, x, s)∣∣ 6 ∫
Rd
∣∣LKxx pKz(t− s, x, z)∣∣ |q(s, z, y)− q(s, x, y)| dz
+
∣∣∣∣∫
Rd
LKxx pKz(t− s, x, z) dz
∣∣∣∣ |q(s, x, y)|
6 c
∫
Rd
ρ00(t− s, x− z)
(|x− z|β1−γ ∧ 1) (ρ0γ + ρβ1γ−β1)(s, z − y) dz
+ c
∫
Rd
ρ00(t− s, x− z)
(|x− z|β1−γ ∧ 1) dz (ρ0γ + ρβ1γ−β1)(s, x− y)
+ c (t− s)−1 [h−1(1/(t− s))]β1 (ρβ10 + ρ0β1)(s, x− y) 6 c(I1 + I2 + I3) .

Here is a consequence of (59), Lemma 5.18(a) and 5.15.
Corollary 3.12. Assume (Q0) and 1−αh < β ∧αh. Let β1 ∈ (0, β]∩ (0, αh). For every T > 0
there exists a constant c = c(d, T, σ, κ2, κ4, β1) such that for all t ∈ (0, T ], x ∈ Rd,∫
Rd
∫ t
0
∣∣LKxx φy(t, x, s)∣∣ ds dy 6 ct−1 [h−1(1/t)]β1 .
Lemma 3.13. Assume (Q0). Let β1 ∈ (0, β] ∩ (0, αh). For all T > 0, 0 < γ1 6 γ2 6 β1
satisfying
0 < β1 − γ1 , 2β1 − γ2 < αh ,
there exists a constant c = c(d, T, σ, κ2, κ4, β1, γ1, γ2) such that for all t ∈ (0, T ], x, y ∈ Rd,∫ t
0
∣∣LKxx φy(t, x, s)∣∣ ds 6 c(ρβ10 + ρβ1−γ1γ1 + ρ0β1+γ1−γ2)(t, x− y) . (60)
Proof. The proof goes by the same lines as the proof of Lemma 3.9 but with ϑ replaced by 1,
and Lemma 3.11 in place of Lemma 3.8. 
Lemma 3.14. Assume (Q1) or (Q2). The function LKxx φy(t, x) is jointly continuous in (t, x, y) ∈
(0,∞)× Rd × Rd.
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Proof. The proof is the same as in [26] and requires (57), (50), (59), (88), (27), (46), (44),
Lemma 5.15, 5.18 and 2.11. 
Lemma 3.15. Assume (Q0). For all t > 0, x, y ∈ Rd, x 6= y, we have
φy(t, x) =
∫ t
0
(
q(r, x, y) +
∫ r
0
∫
Rd
LKzx pKz(r − s, x, z)q(s, z, y) dzds
)
dr . (61)
Proof. Similarly to [26] we use (47), (30), (27), (88), (44), (50), (60), (40), Lemma 5.18, (86),
(87), (35), (41), Proposition 2.1, Lemma 5.6, [53, Theorem 7.21]. 
Corollary 3.16. Assume (Q1) or (Q2). For all x, y ∈ Rd, x 6= y, the function φy(t, x) is
differentiable in t > 0 and
∂tφy(t, x) = q0(t, x, y) + LKxx φy(t, x) . (62)
3.3. Properties of pκ(t, x, y). Now we define and study the function
pκ(t, x, y) := pKy(t, x, y) + φy(t, x) = p
Ky(t, x, y) +
∫ t
0
∫
Rd
pKz(t− s, x, z)q(s, z, y) dzds . (63)
Lemma 3.17. Assume (Q0) and 1 − αh < β ∧ αh. Let β1 ∈ (0, β] ∩ (0, αh). For every T > 0
the inequalities ∫
Rd
|δκ(t, x, y; z)| κ(x, z)J(z)dz 6 c1 ϑ(t)ρ00(t, x− y) , (64)∫
Rd
∣∣∣∣∫
Rd
δκ(t, x, y; z) dy
∣∣∣∣κ(x, z)J(z)dz 6 c2 ϑ(t)t−1 [h−1(1/t)]β1 , (65)
hold for all t ∈ (0, T ], x, y ∈ Rd with
(a) ϑ(t) = Θ(t) and c1 = c1(d, T, σ, κ2, κ4, β), c2 = c2(d, T, σ, κ2, κ4, β1) if αh = 1,
(b) ϑ(t) = t [h−1(1/t)]−1 and c1 = c1(d, T, σ, κ2, κ4, β, βh, ch), c2 = c2(d, T, σ, κ2, κ4, β1, βh, ch)
if (5) holds for 0 < αh 6 βh < 1.
Proof. By (63) and (52),
δκ(t, x, y;w) = δKy(t, x, y;w) +
∫ t
0
∫
Rd
δKz(t− s, x, z;w)q(s, z, y) dzds .
We deduce (64) from (28), (56), (86), (87). The inequality (65) results from (37), (55),
Lemma 5.18(a), 5.15 and 5.16. 
Lemma 3.18. Assume (Q0) and 1 − αh < β ∧ αh. Let β1 ∈ (0, β] ∩ (0, αh). For every T > 0
there exists a constant c = c(d, T, σ, κ2, κ4, β1) such that for all t ∈ (0, T ], x ∈ Rd,∣∣∣∣∫
Rd
∇xpκ(t, x, y) dy
∣∣∣∣ 6 c [h−1(1/t)]−1+β1 , (66)
Proof. We get (66) from (36), (52), (49) and Lemma 3.6. 
Lemma 3.19. Assume (Q1) or (Q2).
(a) The function pκ(t, x, y) is jointly continuous on (0,∞)× Rd × Rd.
(b) For every T > 0 there is a constant c = c(d, T, σ, κ2, κ4, β) such that for all t ∈ (0, T ] and
x, y ∈ Rd,
|pκ(t, x, y)| 6 ctρ00(t, x− y).
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(c) For all t > 0, x, y ∈ Rd, x 6= y,
∂tp
κ(t, x, y) = Lκx pκ(t, x, y) .
(d) For every T > 0 there is a constant c = c(d, T, σ, κ2, κ4, β) such that for all t ∈ (0, T ],
x, y ∈ Rd,
|Lκxpκ(t, x, y)| 6 cρ00(t, x− y) , (67)
and if 1− αh < β ∧ αh, then
|∇xpκ(t, x, y)| 6 c
[
h−1(1/t)
]−1
tρ00(t, x− y) . (68)
(e) For all T > 0, γ ∈ [0, 1]∩ [0, αh), there is a constant c = c(d, T, σ, κ2, κ4, β, γ) such that for
all t ∈ (0, T ] and x, x′, y ∈ Rd,
|pκ(t, x, y)− pκ(t, x′, y)| 6 c(|x− x′|γ ∧ 1) t (ρ0−γ(t, x− y) + ρ0−γ(t, x′ − y)) .
For all T > 0, γ ∈ [0, β)∩ [0, αh), there is a constant c = c(d, T, σ, κ2, κ4, β, γ) such that for all
t ∈ (0, T ] and x, y, y′ ∈ Rd,
|pκ(t, x, y)− pκ(t, x, y′)| 6 c(|y − y′|γ ∧ 1) t (ρ0−γ(t, x− y) + ρ0−γ(t, x− y′)) .
(f) The function Lκxpκ(t, x, y) is jointly continuous on (0,∞)× Rd × Rd.
Proof. The statement of (a) follows from Lemma 2.11 and 3.4. Part (b) is a result of
Proposition 2.1 and Lemma 3.3. The equation in (c) is a consequence of (63), (30) and (62):
∂tp
κ(t, x, y) = LKxx pKy(t, x, y) + LKxx φy(t, x) = LKxx pκ(t, x, y). We get (67) by (63), (27), (60),
(86), (87) (see also (57) and (50)). For the proof of (68) we use Proposition 2.1 and (53). The
first inequality of part (e) follows from Lemma 2.4 and 3.3, and (86), (87). The same argument
suffices for the second inequality of part (e) when supported by
|pKy(t, x, y)− pKy′ (t, x, y′)| 6 |pKy(t,−y,−x)− pKy(t,−y′,−x)|+ |pKy(t, x, y′)− pKy′ (t, x, y′)|
and Proposition 2.10. Part (f) follows from Lemma 2.11 and 3.14. 
4. Main Results and Proofs
In the whole section we assume that either (Q1) or (Q2) holds.
4.1. A nonlocal maximum principle. Recall that Lκ,0+f := limε→0+ Lκ,εf is an extension
of Lκf := Lκ,0f . Moreover, the well-posedness of those operators require the existence of the
gradient ∇f . For proofs of the following see [26].
Theorem 4.1. Let T > 0 and u ∈ C([0, T ]× Rd) be such that
‖u(t, ·)− u(0, ·)‖∞ t→0
+−−−→ 0 , sup
t∈[0,T ]
‖u(t, ·)1|·|>r‖∞ r→∞−−−→ 0 . (69)
Assume that u(t, x) satisfies the following equation: for all (t, x) ∈ (0, T ]× Rd,
∂tu(t, x) = Lκ,0+x u(t, x) . (70)
If supx∈Rd u(0, x) > 0, then for every t ∈ (0, T ],
sup
x∈Rd
u(t, x) 6 sup
x∈Rd
u(0, x) . (71)
Corollary 4.2. If u1, u2 ∈ C([0, T ]×Rd) satisfy (69), (70) and u1(0, x) = u2(0, x), then u1 ≡ u2
on [0, T ]× Rd.
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4.2. Properties of the semigroup (P κt )t≥0. Define
P κt f(x) =
∫
Rd
pκ(t, x, y)f(y)dy.
We first collect some properties of Υt ∗ f .
Remark 4.3. We have Υt ∗ f ∈ Cb(Rd) for any f ∈ Lp(Rd), p ∈ [1,∞]. Moreover, Υt ∗ f ∈
C0(R
d) for any f ∈ Lp(Rd)∪C0(Rd), p ∈ [1,∞). Further, there is c = c(d) such that ‖Υt∗f‖p 6
c‖f‖p for all t > 0, p ∈ [1,∞]. The above follows from Υt ∈ L1(Rd) ∩ L∞(Rd) ⊆ Lq(Rd) for
every q ∈ [1,∞] (see Lemma 5.6), and from properties of the convolution.
Lemma 4.4. (a) We have P κt f ∈ Cb(Rd) for any f ∈ Lp(Rd), p ∈ [1,∞]. Moreover, P κt f ∈
C0(R
d) for any f ∈ Lp(Rd) ∪ C0(Rd), p ∈ [1,∞). For every T > 0 there exists a constant
c = c(d, T, σ, κ2, κ4, β) such that for all t ∈ (0, T ] we get
‖P κt f‖p 6 c‖f‖p .
(b) P κt : C0(R
d)→ C0(Rd), t > 0, and for any bounded uniformly continuous function f ,
lim
t→0+
‖P κt f − f‖∞ = 0 .
(c) P κt : L
p(Rd)→ Lp(Rd), t > 0, p ∈ [1,∞), and for any f ∈ Lp(Rd),
lim
t→0+
‖P κt f − f‖p = 0 .
Proof. See [26] and Remark 4.3, Lemma 3.19, 3.3, 5.18(a), 5.6, (35) and Proposition 2.1. 
Lemma 4.5. For any f ∈ Lp(Rd), p ∈ [1,∞], we have for all t > 0, x ∈ Rd,
∇x P κt f(x) =
∫
Rd
∇x pκ(t, x, y)f(y)dy . (72)
For any bounded (uniformly) Ho¨lder continuous function f ∈ Cηb (Rd), 1−αh < η, and all t > 0,
x ∈ Rd,
∇x
(∫ t
0
P κs f(x) ds
)
=
∫ t
0
∇xP κs f(x) ds . (73)
Proof. By (68) and Corollary 5.10 for |ε| < h−1(1/t),∣∣∣∣1ε (pκ(t, x+ εei, y)− pκ(t, x, y))
∣∣∣∣ |f(y)| 6 c [h−1(1/t)]−1Υt(x− y)|f(y)| .
The right hand side is integrable by Remark 4.3. We can use the dominated convergence
theorem, which gives (72). For f ∈ Cηb (Rd) (we can assume that η < αh) we let x˜ = x + εθei
and by (68), (66), Lemma 5.18(a) we have∣∣∣∣∫
Rd
1
ε
(pκ(s, x+ εei, y)− pκ(s, x, y))f(y) dy
∣∣∣∣ 6 ∣∣∣∣∫
Rd
∫ 1
0
∂xip
κ(s, x˜, y) dθ f(y) dy
∣∣∣∣
6
∣∣∣∣∫
Rd
∫ 1
0
∂xip
κ(s, x˜, y)
[
f(y)− f(x˜)] dθ dy∣∣∣∣+ ∣∣∣∣∫
Rd
∫ 1
0
∂xip
κ(s, x˜, y)f(x˜) dθ dy
∣∣∣∣
6 c
[
h−1(1/s)
]−1 ∫ 1
0
∫
Rd
sρη0(s, x˜− y) dy dθ + c
[
h−1(1/s)
]−1+β1
6 c
[
h−1(1/s)
]−1+η
+ c
[
h−1(1/s)
]−1+β1
.
The right hand side is integrable over (0, t) by Lemma 5.15. Finally, (73) follows by dominated
convergence theorem. 
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Lemma 4.6. For any function f ∈ Lp(Rd), p ∈ [1,∞], and all t > 0, x ∈ Rd,
LκxP κt f(x) =
∫
Rd
Lκx pκ(t, x, y)f(y)dy . (74)
Further, for every T > 0 there exists a constant c > 0 such that for all f ∈ Lp(Rd), t ∈ (0, T ],
‖LκP κt f‖p 6 ct−1‖f‖p . (75)
Proof. By the definition and (72),
LκxP κt f(x) =
∫
Rd
(∫
Rd
δκ(t, x, y; z)f(y)dy
)
κ(x, z)J(z)dz . (76)
The equality follows from Fubini’s theorem justified by (64) and Remark 4.3. The inequality
follows then from (74), (67), Remark 4.3. 
Lemma 4.7. Let f ∈ C0(Rd). For t > 0, x ∈ Rd we define u(t, x) = P κt f(x) and u(0, x) = f(x).
Then u ∈ C([0, T ]× Rd), (69) holds and ∂tu(t, x) = Lκxu(t, x) for all t, T > 0, x ∈ Rd.
Proof. See [26]. 
Lemma 4.8. For any bounded (uniformly) Ho¨lder continuous function f ∈ Cηb (Rd), 1−αh < η,
and all t > 0, x ∈ Rd, we have ∫ t
0
|LκxP κs f(x)|ds <∞ and
Lκx
(∫ t
0
P κs f(x) ds
)
=
∫ t
0
LκxP κs f(x) ds . (77)
Proof. By the definition and Lemma 4.5,
Lκx
∫ t
0
P κs f(x) ds =
∫
Rd
(∫ t
0
∫
Rd
δκ(s, x, y; z)f(y)dyds
)
κ(x, z)J(z)dz .
Note that by (76) the poof will be finished if we can change the order of integration from dsdz
to dzds. To this end we use Fubini’s theorem justified by the following. We have |f(y)−f(x)| 6
c(|y − x|η ∧ 1) and we can assume that η < αh. Then∫
Rd
∫ t
0
∣∣∣∣∫
Rd
δκ(s, x, y; z)f(y)dy
∣∣∣∣ds κ(x, z)J(z)dz
6
∫
Rd
∫ t
0
∣∣∣∣∫
Rd
δκ(s, x, y; z)
[
f(y)− f(x)]dy∣∣∣∣ ds κ(x, z)J(z)dz
+
∫
Rd
∫ t
0
∣∣∣∣∫
Rd
δκ(s, x, y; z)f(x)dy
∣∣∣∣ds κ(x, z)J(z)dz =: I1 + I2 .
By (64) we get I1 6 c
∫ t
0
∫
Rd
ϑ(s)ρη0(s, y−x)dyds, while by (65) I2 6 c
∫ t
0
ϑ(s)s−1 [h−1(1/s)]
β1 ds.
The integrals are finite by Lemma 5.18(a), 5.15 and 5.16. 
Proposition 4.9. For any f ∈ C2b (Rd) and all t > 0, x ∈ Rd,
P κt f(x)− f(x) =
∫ t
0
P κs Lκf(x) ds . (78)
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Proof. (i) Note that Lκf ∈ C0(Rd) for any f ∈ C20(Rd).
(ii) We will show that if f ∈ C2,η0 (Rd), 1 − αh < η 6 β, then Lκf ∈ Cη(Rd) is (uniformly)
Ho¨lder continuous. To this end we use [2, Theorem 5.1]. For x, z ∈ Rd define
Ezf(x) = f(x+ z)− f(x) , Fzf(x) = f(x+ z)− f(x)− 〈z,∇f(x)〉 .
Then LKyf(x) = ∫
|z|<1
Fzf(x)κ(y, z)J(z)dz+
∫
|z|>1
Ezf(x)κ(y, z)J(z)dz. Using (1), (2), (3) and
[2, Theorem 5.1(b) and (e)],
|Lκf(x)−Lκf(y)| 6 |LKxf(x)− LKyf(x)|+ |LKyf(x)− LKyf(y)|
6 c|x− y|β +
∫
|z|<1
|Fzf(x)− Fzf(y)| κ(y, z)J(z)dz +
∫
|z|>1
|Ezf(x)− Ezf(y)| κ(y, z)J(z)dz
6 c|x− y|β + c|x− y|η
∫
|z|<1
|z|2ν(|z|)dz + c|x− y|
∫
|z|>1
ν(|z|)dz .
(iii) We have that (78) holds if f ∈ C2,η0 (Rd), 1 − αh < η 6 β. See [26] and Lemma 4.7, 4.8,
[53, Theorem 7.21], Corollary 4.2.
(iv) We extend (78) to f ∈ C2b (Rd) by approximation (see [26]). 
Lemma 4.10. The function pκ(t, x, y) is non-negative,
∫
Rd
pκ(t, x, y)dy = 1 and pκ(t+s, x, y) =∫
Rd
pκ(t, x, z)pκ(s, z, y)dz for all s, t > 0, x, y ∈ Rd.
Proof. Like in [26] we use Lemma 4.7, Theorem 4.1, Lemma 3.19, Corollary 4.2, Proposi-
tion 4.9. 
4.3. Proofs of Theorems 1.1–1.3. Proof of Theorem 1.3. It is the same as in [26] and
relies on Lemma 4.4, 4.10, Proposition 4.9 (72), (68), Remark 4.3, (64), (76), (2), (3), (74),
Lemma 3.19(f) and (d), Corollary 5.10, (75), [49, Chapter 1, Theorem 2.4(c) and 2.2], [49,
Chapter 2, Theorem 5.2(d)]. 
Proof of Theorem 1.2. All the properties are collected in Lemma 3.19 and 4.10, except for
part (8), which is given in Theorem 1.3 part 3(c). 
Proof of Theorem 1.1. The same as in [26]. 
Proof of Theorem 1.4. The proof is the same as in [26] with the following modification of
demonstrating that
sup
|ξ|61/r
|q(z, ξ)| 6 c2h(r).
Since for ϕ ∈ R we have |eiϕ − 1− iϕ| 6 |ϕ|2, together with (6),
|q(z, ξ)| 6
∫
Rd
∣∣ei〈ξ,w〉 − 1− i 〈ξ, w〉1|w|<1∧1/|ξ|∣∣κ(x, w)J(w)dw
+
∣∣∣∣i〈ξ, ∫
Rd
w
(
1|w|<1∧1/|ξ| − 1|w|<1
)
κ(x, w)J(w)dw
〉∣∣∣∣
6 |ξ|2
∫
|w|<1∧1/|ξ|
|w|2κ(x, w)J(w)dw +
∫
|w|>1∧1/|ξ|
2 κ(x, w)J(w)dw
+ |ξ|
∣∣∣∣∫
Rd
w
(
1|w|<1∧1/|ξ| − 1|w|<1
)
κ(x, w)J(w)dw
∣∣∣∣ 6 ch(1 ∧ 1/|ξ|) .

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5. Appendix - Unimodal Le´vy processes
Let d ∈ N and ν : [0,∞)→ [0,∞] be a non-increasing function satisfying∫
Rd
(1 ∧ |x|2)ν(|x|)dx <∞ .
For any such ν there exists a unique pure-jump isotropic unimodal Le´vy process X (see [3],
[56]). The characteristic exponent Φ of X takes the form
Φ(x) = Re[Φ(x)] =
∫
Rd
(
1− cos 〈x, z〉 )ν(|z|)dz .
For r > 0 we define h(r) and K(r) as in the introduction, and we let Φ∗(r) := sup|z|6rRe[Φ(z)].
Then (see [3, Proposition 2]),
(1/pi2)Φ∗(|x|) 6 Φ(x) 6 Φ∗(|x|) . (79)
It is also known that (see [24, Lemma 4]),
1
8(1 + 2d)
h(1/r) 6 Φ∗(r) 6 2h(1/r) . (80)
Note that h(0+) <∞ (h is bounded) if and only if ν(Rd) <∞, i.e., the corresponding Le´vy
process is a compound Poisson process. In the whole section we assume that h(0+) =∞. We
collect general estimates for functions K, h and Υt (see [25, Section 2 and 6] and [26, Section 5
and 6]).
5.1. Properties of K and h. The following properties are often used without further com-
ment.
Lemma 5.1. We have
(1) K and h are continuous and limr→∞ h(r) = limr→∞K(r) = 0.
(2) r2K(r) and r2h(r) are non-decreasing,
(3) r−dK(r) and h(r) are strictly decreasing,
(4) λ2K(λr) 6 K(r) 6 λ−dK(λr) and λ2h(λr) 6 h(r), λ 6 1, r > 0,
(5)
√
λh−1(λu) 6 h−1(u), λ > 1, u > 0,
(6) ν(r) 6 (ωd/(d+ 2))
−1 r−dK(r),
(7) For all 0 < a < b 6∞,
h(b)− h(a) = −
∫ b
a
2K(r)r−1 dr .
(8) For all r > 0, ∫
|z|>r
ν(dz) 6 h(r) and
∫
|z|<r
|z|2ν(dz) 6 r2h(r) .
We consider the scaling conditions: there are αh ∈ (0, 2], Ch ∈ [1,∞) and θh ∈ (0,∞] such that
h(r) 6 Chλ
αhh(λr), λ 6 1, r < θh. (81)
In like manner, there are βh ∈ (0, 2], ch ∈ (0, 1] and θh ∈ (0,∞] such that
ch λ
βh h(λr) 6 h(r) , λ 6 1, r < θh. (82)
Remark 5.2. If θh < ∞ in (81), we can stretch the range of scaling to r < R < ∞ at the
expense of the constant Ch. Indeed, by continuity of h, for θh 6 r < R,
h(r) 6 [Ch(R/θh)
2]λαhh(λr).
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Similarly, if θh <∞ in (82) we extend the scaling to r < R as follows, for θh 6 r < R,
h(r) > [ch(θh/R)
2]λβhh(λr) .
Lemma 5.3. Let αh ∈ (0, 2], Ch ∈ [1,∞) and θh ∈ (0,∞]. The following are equivalent.
(A1) For all λ 6 1 and r < θh,
h(r) 6 Chλ
αhh(λr) .
(A2) For all λ > 1 and u > h(θh),
h−1(u) 6 (Chλ)
1/αh h−1(λu) .
Further, consider
(A3) There is c ∈ (0, 1] such that for all λ > 1 and r > 1/θh,
Φ∗(λr) > cλαhΦ∗(r) .
(A4) There is c > 0 such that for all r < θh,
h(r) 6 cK(r) .
Then, (A1) gives (A3) with c = 1/(cdCh), cd = 16(1+2d), while (A3) gives (A1) with Ch = cd/c.
(A1) implies (A4) with c = c(αh, Ch). (A4) implies (A1) with αh = 2/c and Ch = 1.
Lemma 5.4. The following are equivalent.
(A
′
1) There are T1 ∈ (0,∞], c1 > 0 such that for all r < T1,
c1r
−dK(r) 6 ν(r) .
(A
′
2) There are T2 ∈ (0,∞], c2 ∈ (0, 1] and β2 ∈ (0, 2) such that for all λ 6 1 and r < T2,
c2λ
β2K(λr) 6 K(r) .
(A
′
3) There are T3 ∈ (0,∞], c3 ∈ (0, 1] and β3 ∈ [0, 2) such that for all λ 6 1 and r < T3,
c3λ
d+β3ν(λr) 6 ν(r) .
Moreover, (A
′
1) implies (A
′
2) with T2 = T1, c2 = 1 and β2 = β2(d, c1). From (A
′
1) we get
(A
′
3) with T3 = T1, c3 = c3(d, c1) and β3 = β3(d, c1). The condition (A
′
2) gives (A
′
1) with
T1 = (c2/2)
1/(2−β2)T2 and c1 = c1(d, c2, β2). From (A
′
3) we have (A
′
1) with T1 = T3 and
c1 = c1(d, c3, β3).
Lemma 5.5. Let h satisfy (81) with αh > 1, then∫
r6|z|<θh
|z|ν(|z|)dz 6 (d+ 2)Ch
αh − 1 rh(r) , r > 0 .
Let h satisfy (81) with αh = 1, then∫
r6|z|<θh
|z|ν(|z|)dz 6 [(d+ 2)Ch] ln(θh/r) rh(r) , r > 0 .
Let h satisfy (82) with βh < 1, then∫
|z|<r
|z|ν(|z|)dz 6 d+ 2
ch(1− βh) rh(r) , r < θh .
Proof. We have∫
r6|z|<θh
|z|ν(|z|)dz 6 (d+ 2)
∫ θh
r
h(s)ds 6 (d+ 2)Ch
∫ θh
r
(r/s)h(r)ds .

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5.2. Properties of the bound function Υt(x). We collect properties the bound function
defined in (14).
Lemma 5.6. We have
(ωd/2) 6
∫
Rd
Υt(x) dx 6 (ωd/2)(1 + 2/d), t > 0 .
Lemma 5.7. Fix t > 0. There is a unique solution r0 > 0 of
tK(r)r−d = [h−1(1/t)]−d = Υt(r) ,
and r0 ∈ [h−1(3/t), h−1(1/t)].
Proposition 5.8. Let a > 1. There is c = c(d, a) such that for all t > 0,
Υt(x+ z) 6 cΥt(x) , if |z| 6
[
a h−1(3/t)
] ∨ |x|
2
.
Lemma 5.9. There exists a constant c = c(d, αh, Ch) such that for all t > 0 and x ∈ Rd,∫
|z|>h−1(1/t)
Υt(x− z)ν(|z|)dz 6 ct−1Υt(x) .
We collect further properties of the bound function under (81).
Corollary 5.10. Let h satisfy (81). For every a > 1 there is c = c(d, a, αh, Ch) such that
Υt(x+ z) 6 cΥt(x) , if |z| 6
[
a h−1(1/t)
] ∨ |x|
2
and t < 1/h(θh) .
Corollary 5.11. Let h satisfy (81). For t > 0, x ∈ Rd define
ϕt(x) =
{
[h−1(1/t)]−d, |x| 6 h−1(1/t) ,
tK(|x|)|x|−d, |x| > h−1(1/t) .
Then Υt(x) 6 ϕt(x) 6 cΥt(x) for all t < 1/h(θh), x ∈ Rd and a constant c = c(αh, Ch).
Lemma 5.12. Let h satisfy (81). For all β ∈ [0, αh) and t < 1/h(θh) we have∫
Rd
(|x|β ∧ 1)Υt(x) dx 6 2ωd
Ch
(
1 + 1/θβh
)
αh − β
[
h−1(1/t)
]β
.
5.3. 3G-type inequalities. Let φ : [0,∞)→ (0,∞) be non-increasing and such that
λαφφ(λt) 6 cφφ(t), λ 6 1, t < θφ,
for some αφ 6 1, cφ ∈ [1,∞) and θφ ∈ (0,∞]. For t > 0 and x ∈ Rd we consider
Υ̂t(x) = φ(t)Υt(x) . (83)
Proposition 5.13. Let h satisfy (81). There exists a constant c = c(d, αh, Ch, αφ, cφ) such that
for all s + t < 1/h(θh) ∧ θφ, x, y ∈ Rd,
Υ̂s(x) ∧ Υ̂t(y) 6 cΥ̂s+t(x+ y) . (84)
Since we can take φ ≡ 1 with (αφ, θφ, cφ) = (0, 0, 1) we recover the classical 3G inequality.
Corollary 5.14. Let h satisfy (81). There exists a constant c = c(d, αh, Ch) such that for all
s+ t < 1/h(θh), x, y ∈ Rd,
Υs(x) ∧Υt(y) 6 cΥs+t(x+ y) . (85)
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5.4. Convolution inequalities. Let B(a, b) be the beta function, i.e., B(a, b) =
∫ 1
0
sa−1(1 −
s)b−1ds, a, b > 0.
Lemma 5.15. Let θ, η ∈ R. The inequality∫ t
0
u−η
[
h−1(1/u)
]γ
(t− u)−θ [h−1(1/(t− u))]β du 6 c t1−η−θ [h−1(1/t)]γ+β , t > 0 ,
holds in the following cases:
(i) for all β, γ > 0 such that β/2+1−θ > 0, γ/2+1−η > 0 with c = B(β/2+1−θ, γ/2+
1− η),
(ii) under (4), for all t ∈ (0, T ], T > 0, and all β, γ ∈ R such that (β/2)∧(β/αh)+1−θ > 0,
(γ/2) ∧ (γ/αh) + 1− η > 0 with
c = (Ch[h
−1(1/T ) ∨ 1]2)−(β∧0+γ∧0)/αhB
(
(β/2) ∧ (β/αh) + 1− θ, (γ/2) ∧ (γ/αh) + 1− η
)
.
Lemma 5.16. Assume (4). Let k, l > 0 and θ, η, β, γ ∈ R satisfy (β/2) ∧ (β/αh) + 1− θ > 0,
(γ/2) ∧ (γ/αh) + 1 − η > 0. For every T > 0 there exists a constant c = c(αh, Ch, h−1(1/T ) ∨
1, θ, η, β, γ, k, l) such that for all t ∈ (0, T ],∫ t
0
[Θ(u)]l u−η
[
h−1(1/u)
]γ
[Θ(t− u)]k (t− u)−θ [h−1(1/(t− u))]β du
6 c [Θ(t)]l+k t1−η−θ
[
h−1(1/t)
]γ+β
.
Further, Θ(t/2) 6 cΘ(t), t ∈ (0, T ].
Proof. The last part of the statement follows from Lemma 5.3 and Remark 5.2. Note that it
suffices to consider the integral over (0, t/2). Again by Lemma 5.3 and Remark 5.2 we have for
c0 = Ch[h
−1(1/T ) ∨ 1]2 and s ∈ (0, 1),[
h−1(t−1s−1)
]−1
6 c0 s
−1/αh
[
h−1(1/t)
]−1
, h−1(t−1s−1) 6 s1/2h−1(t−1) .
Thus for u ∈ (0, t/2) we get
[Θ(t− u)]k(t− u)−θ[h−1(1/(t− u))]β 6 c [Θ(t)]k t−θ [h−1(1/t)]β ,
and we concentrate on∫ t/2
0
[Θ(u)]lu−η
[
h−1(1/u)
]γ
du 6 c t1−η
[
h−1(1/t)
]γ ∫ 1/2
0
[Θ(ts)]ls(γ/2)∧(γ/αh)−ηds .
Further we have∫ 1/2
0
[
ln
(
1 ∨ [h−1(t−1s−1)]−1)]l s(γ/2)∧(γ/αh)−ηds
6
∫ 1/2
0
2l
{
[ln(c0s
−1)]l +
[
ln
(
1 ∨ [h−1(t−1]−1)]l} s(γ/2)∧(γ/αh)−ηds 6 c [Θ(t)]l .
Finally, ∫ 1/2
0
[Θ(ts)]ls(γ/2)∧(γ/αh)−ηds 6 c [Θ(t)]l.

Recall that, for γ, β ∈ R, we consider the following function
ρβγ(t, x) :=
[
h−1(1/t)
]γ (|x|β ∧ 1) t−1Υt(x) .
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Remark 5.17. The monotonicity of h−1 assures the following,
ρβγ1(t, x) 6
[
h−1(1/T )
]γ1−γ2 ρβγ2(t, x) , (t, x) ∈ (0, T ]× Rd, γ2 6 γ1, (86)
ρβ1γ (t, x) 6 ρ
β2
γ (t, x), (t, x) ∈ (0,∞)× Rd, 0 6 β2 6 β1, (87)
ρ00(λt, x) 6 ρ
0
0(t, x) , (t, x) ∈ (0,∞)× Rd, λ > 1. (88)
Lemma 5.18. Assume (4) and let β0 ∈ (0, αh ∧ 1).
(a) For every T > 0 there exists a constant c1 = c1(d, β0, αh, Ch, h
−1(1/T )∨ 1) such that for
all t ∈ (0, T ] and β ∈ [0, β0],∫
Rd
ρβ0 (t, x) dx 6 c1t
−1
[
h−1(1/t)
]β
.
(b) For every T > 0 there exists a constant c2 = c2(d, β0, αh, Ch, h
−1(1/T ) ∨ 1) ≥ 1 such
that for all β1, β2, n1, n2, m1, m2 ∈ [0, β0] with n1, n2 6 β1 + β2, m1 6 β1, m2 6 β2 and
all 0 < s < t 6 T , x ∈ Rd,∫
Rd
ρβ10 (t− s, x− z)ρβ20 (s, z) dz
6 c2
[ (
(t− s)−1 [h−1(1/(t− s))]n1 + s−1 [h−1(1/s)]n2) ρ00(t, x)
+ (t− s)−1 [h−1(1/(t− s))]m1 ρβ20 (t, x) + s−1 [h−1(1/s)]m2 ρβ10 (t, x)].
(c) Let T > 0. For all γ1, γ2 ∈ R, β1, β2, n1, n2, m1, m2 ∈ [0, β0] with n1, n2 6 β1 + β2,
m1 6 β1, m2 6 β2 and θ, η ∈ [0, 1], satisfying
(γ1 + n1 ∧m1)/2 ∧ (γ1 + n1 ∧m1)/αh + 1− θ > 0 ,
(γ2 + n2 ∧m2)/2 ∧ (γ2 + n2 ∧m2)/αh + 1− η > 0 ,
and all 0 < s < t 6 T , x ∈ Rd, we have∫ t
0
∫
Rd
(t− s)1−θ ρβ1γ1 (t− s, x− z) s1−η ρβ2γ2 (s, z) dzds
6 c3 t
2−η−θ
(
ρ0γ1+γ2+n1 + ρ
0
γ1+γ2+n2 + ρ
β2
γ1+γ2+m1 + ρ
β1
γ1+γ2+m2
)
(t, x) , (89)
where c3 = c2 (Ch[h
−1(1/T ) ∨ 1]2)−(γ1∧0+γ2∧0)/αhB (k + 1− θ, l + 1− η) and
k =
(
γ1 + n1 ∧m1
2
)
∧
(
γ1 + n1 ∧m1
αh
)
, l =
(
γ2 + n2 ∧m2
2
)
∧
(
γ2 + n2 ∧m2
αh
)
.
(d) Let T > 0. For all k, l > 0, γ1, γ2 ∈ R, β1, β2, n1, n2, m1, m2 ∈ [0, β0] with n1, n2 6
β1 + β2, m1 6 β1, m2 6 β2 and θ, η ∈ [0, 1], satisfying
(γ1 + n1 ∧m1)/2 ∧ (γ1 + n1 ∧m1)/αh + 1− θ > 0 ,
(γ2 + n2 ∧m2)/2 ∧ (γ2 + n2 ∧m2)/αh + 1− η > 0 ,
and for all 0 < s < t 6 T , x ∈ Rd, we have∫ t
0
∫
Rd
[Θ(t− s)]k(t− s)1−θ ρβ1γ1 (t− s, x− z)[Θ(s)]l s1−η ρβ2γ2 (s, z) dzds
6 c4 [Θ(t)]
k+l t2−η−θ
(
ρ0γ1+γ2+n1 + ρ
0
γ1+γ2+n2
+ ρβ2γ1+γ2+m1 + ρ
β1
γ1+γ2+m2
)
(t, x) , (90)
where c4 = c4(d, β0, αh, Ch, h
−1(1/T ) ∨ 1, k, l, γ1, γ2, n1, n2, m1, m2, θ, η).
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Proof. For the proof of part (d) we multiply the result of part (b) by
[Θ(t− s)]k(t− s)1−θ [h−1(1/(t− s))]γ1 [Θ(s)]γ1s1−η [h−1(1/s)]γ2 ,
and apply Lemma 5.16. 
Remark 5.19. When using Lemma 5.18 without specifying the parameters we apply the usual
case, i.e., n1 = n2 = β1 + β2 (6 β0), m1 = β1, m2 = β2. Similarly, if only n1, n2 are specified,
then m1 = β1, m2 = β2.
6. Appendix - General Le´vy process
Let d ∈ N and Y = (Yt)t>0 be a Le´vy process in Rd ([54]). Recall that there is a well known
one-to-one correspondence between Le´vy processes in Rd and the convolution semigroups of
probability measures (Pt)t>0 on R
d. The characteristic exponent Ψ of Y is defined by
Eei〈x,Yt〉 =
∫
Rd
ei〈x,y〉Pt(dy) = e
−tΨ(x) , x ∈ Rd ,
and equals
Ψ(x) = 〈x,Ax〉 − i 〈x, b〉 −
∫
Rd
(
ei〈x,z〉 − 1− i 〈x, z〉 1|z|<1
)
N(dz) .
Here A is a symmetric non-negative definite matrix, b ∈ Rd and N(dz) is a Le´vy measure, i.e.,
a measure satisfying
N({0}) = 0 ,
∫
Rd
(1 ∧ |z|2)N(dz) <∞ .
We have Ptf(x) = Ef(Yt+x) and (Pt)t>0 is a strongly continuous positive contraction semigroup
on (C0(R
d), ‖ · ‖∞) with the infinitesimal generator (L,D(L)) such that C20(Rd) ⊆ D(L) and
for f ∈ C20(Rd) we have
Lf = Lf(x) :=
d∑
i,j=1
Aij
∂f(x)
∂xi∂xj
+ 〈b,∇f(x)〉+
∫
Rd
(f(x+ z)− f(x)− 1|z|<1 〈z,∇f(x)〉)N(dz) .
Note that the above equality on C∞c (R
d) uniquely determines (L,D(L)) and the generating
triplet (A,N, b) (see [54, Theorem 31.5 an 8.1]). We make the following assumption on the real
part of Ψ,
lim
|x|→∞
Re[Ψ(x)]
log |x| =∞ . (91)
In particular, N(Rd) = ∞, thus Y is not a compound Poisson process. It follows from [40,
Theorem 2.1] (we only use implication which does not require A = 0) that Yt has a density
p(t, x) for every t > 0 and
p(t, x) = (2pi)−d
∫
Rd
e−i〈x,z〉e−tΨ(z) dz , p(t, ·) ∈ C∞0 (Rd) . (92)
We denote p(t, x, y) = p(t, y − x) and observe that Ptf(x) =
∫
Rd
p(t, x, y)f(y) dy.
Lemma 6.1. (a) For all x, y ∈ Rd, the function t 7→ p(t, x, y) is differentiable on (0,∞) and
∂p(t, x, y)
∂t
= −(2pi)−d
∫
Rd
e−i〈y−x,z〉Ψ(z)e−tΨ(z) dz = Lxp(t, x, y) .
(b) Let ε > 0. There is a constant c > 0 such that for all s, t ≥ ε, x, x′, y ∈ Rd,
|p(t, x, y)− p(s, x′, y)| ≤ c (|t− s|+ |x− x′|) .
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(c) Let ε > 0. There is a constant c > 0 such that for all s, t ≥ ε, x, x′, y ∈ Rd,
|∇p(t, x, y)−∇p(s, x′, y)| ≤ c (|t− s|+ |x− x′|) .
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